Given a nested radical α involving only dth roots, we show how to compute an optimal or near optimal depth denesting of α by a nested radical that involves only Dth roots, where D is an arbitrary multiple of d. As a special case the algorithm can be used to compute denestings as in [9]. The running times of the algorithms are polynomial in the description size of the splitting field for α.
1. Introduction. Simplification or denesting of radical expressions is a natural simplification problem that algebraic and symbolic manipulation systems face. Denestings are useful for manipulating large formulae as well as understanding the final result. Accordingly, starting in the mid-70s the problem has been studied intensively in computer algebra or algorithmic algebra (see, for example, [5] , [14] , [4] , [9] , [10] , [6] , [2] , [3] , and in particular the survey by Landau [11] ). Without doubt, many researches were also attracted by the following seemingly mysterious equations, which can be found in Ramanujan's notebook [13] and which nicely illustrate and explain the general problem 3 3 √ 2 − 1 = 3 1/9 − 3 2/9 + 3 4/9, 6 7 3 √ 20 − 19 = 3 5/3 − 3 2/3.
In each of these equations the depth 2 formula on the left is denested by a depth 1 formula on the right. In denesting radicals an important question is which field to consider as the ground field, the field of constants, so to speak. In the examples given above, the ground field is the field of rational numbers. In general, it is not feasible to consider arbitrary ground fields. Dealing symbolically with radicals, nested or just plain roots, usually requires the presence of appropriate roots of unity, that is, roots of the polynomials X d − 1, d ∈ N.
Horng and Huang [6] denest a nested radical expression using arbitrary roots. To do so they consider ground fields containing all roots of unity. The nesting depth they achieve is the minimal possible one over such a field. Computing in a field containing all roots of unity is computationally infeasible and Horng and Huang show that a finite number of roots of unity suffice. In the worst case, the bound on the degree of the roots of unity that one needs to consider is double-exponential in the degrees of the roots appearing in the original expression.
Landau [9] sticks closer to the field over which the original expression was defined. She adjoins to this field roots of unity whose degree is related to the Galois group of the nested radical. Over this extension field she computes an optimal depth denesting using arbitrary roots. She also proves that the depth of this denesting differs at most by 1 from the depth of the optimal denesting over the original field. The worst case bound on the degree of the roots of unity that are adjoined to the original field is single-exponential in the degrees of the roots involved in the original expression.
In this paper we follow a different strategy than these papers. We believe that adjoining large degree roots of unity may actually hide interesting information about the original expression. As an example, consider 5 + 2 √ 6. It denests over the rational numbers to √ 2 + √ 3. However, √ 2 and √ 3 are contained in the extension of Q containing all roots of unity. Hence, instead of finding the denesting √ 2 + √ 3 the algorithms in [6], for example, will return some expression involving roots of unity. The most innocent one being √ −1(ζ 3 + ζ 2 3 ) + (ζ 8 + ζ 7 8 ), where ζ 3 and ζ 8 are primitive 3rd and primitive 8th roots of unity.
Therefore, in this paper we do not try to obtain denestings using arbitrary roots. Instead, in our algorithms an integer D can be specified, with the understanding that only roots whose degree divides D are allowed in the denesting. Quite naturally, we require that D is a multiple of the least common multiple of the degrees in the original expression. Accordingly, the only root of unity we have to adjoin to the ground field is a primitive Dth root of unity. Similar to the results in [9], the algorithm produces a denesting over this extension field that is optimal for the class of nested radicals that use Dth roots. The depth of the denesting is at most the depth of the optimal denesting that is defined over the original field and that uses only Dth roots.
In particular, for nested radicals involving only square roots and defined over an arbitrary field the algorithm finds the optimal denesting using square roots but without changing the underlying field. Thus for 5 + 2 √ 6 and setting D = 2 the algorithm produces the denesting √ 2 + √ 3 rather than some expression in roots of unity. With respect to nested radicals of square roots our result generalizes results in [4] , where a restricted class of nested radicals involving square roots was considered.
The algorithm is similar to the algorithm in [9] and for a special choice of D it is the same. The running time is polynomial in size of the splitting field of the input expression. Hence, in the worst case the running time is exponential in the input size. Depending on the choice of the parameter D, compared with Landau's algorithm we need to work in field extensions of smaller degree. In these cases, the algorithm will be more efficient than Landau's algorithm. The algorithms in both this paper and in [9] are always more efficient than the algorithms in [6] The restriction that D is a multiple of the least common multiple of the degrees in the original expression can be avoided. Without this restriction the original expression may not be expressible at all using only Dth roots. Therefore, we show that, for arbitrary D and an arbitrary algebraic number α, it can be decided in time polynomial in the size of the minimal polynomial of α whether α can be expressed as a nested radical involving
